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In a remarkable paper [Phys. Rev. Lett. 96, 100503 (2006)], Dimitri Gioev and Israel Klich conjec-
tured an explicit formula for the leading asymptotic growth of the spatially bi-partite von-Neumann
entanglement entropy of non-interacting fermions in multi-dimensional Euclidean space at zero tem-
perature. Based on recent progress by one of us (A.V. S.) in semi-classical functional calculus for
pseudo-differential operators with discontinuous symbols, we provide here a complete proof of that
formula and of its generalization to Re´nyi entropies of all orders α > 0. The special case α = 1/2 is
also known under the name logarithmic negativity and often considered to be a particularly useful
quantification of entanglement. These formulas, exhibiting a “logarithmically enhanced area law”,
have been used already in many publications.
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Entanglement is an important property of states of
composite quantum systems and has been established as
a key concept of quantum-communication and informa-
tion theory. For example, quantum teleportation and
quantum computing rely on it [1–4]. Partially triggered
by the above theories, quantifications of entanglement in
terms of a suitable entropy concept has recently found
considerable interest, with an on-going discussion, in the
theory of quantum many-particle systems [5–7]. The re-
sulting entanglement entropy (EE) is not easy to com-
pute — not even for simple systems in states of ther-
mal equilibrium. The reason for that are the quantum
correlations between the particles caused by their (effec-
tive) interaction, which dominate at low temperatures
and especially at zero temperature. However, according
to various studies the spatially bi-partite EE of the (pure)
ground state of a “typical” quantum many-particle sys-
tem in an infinitely extended position space, given either
by the d-dimensional Euclidean space Rd or the simple
cubic lattice Zd (d = 1, 2, 3, . . .) is widely believed to obey
an asymptotic scaling law in the following sense: the en-
tropy (and therefore the EE) of such a ground state when
spatially reduced to a bounded subregion Ω of Rd or of
Zd ⊂ Rd grows to leading order proportional to the area
Ld−1|∂Ω| of the boundary surface ∂(LΩ) of the scaled
region LΩ := {Lq ∈ Rd : q ∈ Ω} as the (dimensionless)
scaling parameter L ≥ 1 tends to infinity, L→∞.
To our knowledge, this so-called area law was first
pointed out for free bosonic toy models [8, 9] in connec-
tion with the Bekenstein–Hawking entropy of black holes.
Since then many interesting results and conjectures were
put forward in relation to this area law. For example, its
simplicity for d = 1 can be made responsible for the fact
that ground states of infinite quantum spin chains with a
spectral gap above their respective ground-state energy
may be closely approximated by finitely correlated (in
other words, matrix-product) states [10] and are there-
fore well accessible to numerically efficient methods like
the density-matrix renormalization group [11–13]. We
recommend [6] for a recent review of such area laws, with
an emphasis on rigorous results for many-particle systems
on the lattice Zd.
It is somewhat surprising that an area law is not quite
valid for the simple system of a free Fermi gas in Rd
or Zd. Indeed, various studies [14–30] have suggested
that the EE of its ground state grows (at least as fast)
as Ld−1 lnL. Physically, this slight logarithmic enhance-
ment is due to the effective long-range correlations of
the particles by the Fermi–Dirac statistics, the algebraic
statement of Pauli’s exclusion principle. Mathematically,
the resulting “sharp” Fermi surface modifies the asymp-
totic analysis as L → ∞ in such a way that the extra
factor lnL emerges.
The theorem. In this Letter, we give a complete proof
of this “logarithmically enhanced area law” for the free
Fermi gas in Rd for all d ≥ 1. In order to state our
theorem we need some preparations.
(a) The free Fermi gas in Rd is a well-established model
of non-interacting particles obeying Fermi–Dirac statis-
tics. Despite its simplicity, its early spectacular suc-
cesses in explaining properties of metals and white dwarfs
have boosted Quantum Statistical Mechanics [31]. We
assume the particles to be spin-less and to be charac-
terized by a common translation-invariant one-particle
Hamiltonian of the form ε(P ), that is, by some func-
tion ε : Rd → R of the canonical momentum operator
P := −i~∇ = −i~ ∂/∂q, where 2pi~ > 0 is Planck’s con-
stant. We assume ε to be non-negative and (for sim-
plicity) to be smooth. Then ε(P ) is easy to define as
a self-adjoint operator acting on the one-particle Hilbert
2space L2(Rd) of all complex-valued and Lebesgue square-
integrable functions ψ : Rd → C, q 7→ ψ(q). We also
assume that ε(p) tends to infinity as |p| → ∞. Then the
lower-level set Γ := {p ∈ Rd : ε(p) ≤ εF }, the Fermi sea
corresponding to a given finite Fermi energy εF > 0, is a
bounded region in momentum space. More precisely, if
d = 1, then Γ is just the union of finitely many pair-wise
disjoint bounded intervals. Its boundary, the Fermi sur-
face ∂Γ, is the set of all endpoints of these intervals, and
the “area” |∂Γ| of ∂Γ is defined as the total number of
these points. If d ≥ 2, the Fermi sea Γ is assumed to be a
bounded Lipschitz domain with a piece-wise C3-smooth
boundary ∂Γ. For the latter notions see [32]. In the theo-
rem below only these properties of Γ are required, since it
is based on a lemma which does not explicitly use the fact
that Γ is “physically” a lower-level set of some function
ε. The prime example for ε is given by ε(p) = p2/(2m),
corresponding to the non-relativistic kinetic energy (in
the absence of a magnetic field) of a particle with mass
m > 0. For a general function ε, the mean particle den-
sity ρ > 0 is related to εF , as usual, through the volume
of Γ by (2pi~)dρ = |Γ|.
(b) The bounded region Ω in position space Rd, to which
the ground state of the free Fermi gas will be reduced, is
assumed to be a bounded Lipschitz domain with a piece-
wise C1-smooth boundary ∂Ω, if d ≥ 2. If d = 1, then
Ω is assumed to be the union of finitely many pair-wise
disjoint bounded intervals, and the meanings of ∂Ω and
|∂Ω| are analogous to those of ∂Γ and |∂Γ| given above.
(c) For d ≥ 2 we denote by σ and τ the canonical (d−1)-
dimensional area measures on the boundary surfaces ∂Γ
and ∂Ω, respectively. By m(p) ∈ Rd and n(q) ∈ Rd we
denote the exterior unit normals at p ∈ ∂Γ and q ∈ ∂Ω,
respectively.
Theorem. Let Γ ⊂ Rd be the Fermi sea of the ground
state of the free Fermi gas in Rd, let this ground state be
spatially reduced to Ω ⊂ Rd, and let Sα(Γ,Ω) be its Re´nyi
entropy of order α > 0, see (5), (7), and (8) below. Then,
under the above assumptions on Γ and Ω, the following
asymptotic formula holds:
Sα(Γ, LΩ)=
1+α
24α
J(∂Γ, ∂Ω)Ld−1 lnL+o(Ld−1lnL), (1)
as L→∞. If d = 1, the constant J(∂Γ, ∂Ω) is by defini-
tion the product |∂Γ||∂Ω| of two positive even numbers. If
d ≥ 2, the constant is given by the double surface-integral
J(∂Γ, ∂Ω) := (2pi~)1−d
∫
∂Γ×∂Ω
dσ(p)dτ(q)
∣∣m(p) · n(q)∣∣ . (2)
Before presenting a proof we make a couple of remarks.
(i) To our knowledge, the theorem provides the first
rigorous result on the precise leading EE-scaling of a
model on continuous position space. The α-dependence
of the leading term in (1) reflects the fact that Re´nyi en-
tropies are monotonically decreasing in α, see for exam-
ple [24]. The important special case α = 1 corresponds
to the von-Neumann entropy. Since the free Fermi-gas
ground state is pure, the case α = 1/2 is also known un-
der the name logarithmic negativity and often considered
to be a particularly useful quantification of entanglement
[33, 34]. The limiting case α =∞ is also of some interest,
because the number exp
(
− S∞(Γ,Ω)
)
in the closed unit
interval [0, 1] equals the largest eigenvalue of the quasi-
free state operator on the fermionic Fock space F(L2(Ω))
associated with the spatially reduced ground state, that
is, with the “localized” Fermi projection (7) below.
(ii) For a spherical Fermi surface, ∂Γ = pF S
d−1 with
radius pF > 0, the integral in (2) can be calculated ex-
plicitly with the result
J(∂Γ, ∂Ω) =
2(
d−1
2
)
!
(
p2F
4pi~2
) d−1
2
|∂Ω| , (3)
where (z)! denotes the factorial of z ∈ C, that is, Euler’s
gamma function evaluated at z + 1. For the theory and
applications of surface integrals of this genre and the re-
lated spherical cosine transformation we refer to [35]. In
case of the prime example, ε(p) = p2/(2m), the Fermi
momentum pF is simply related to the Fermi energy by
p2F = 2m εF . If one relates pF in (3) to a given (bulk)
mean particle density ρ > 0 via (2pi~)dρ = |Γ|, one ob-
tains the illuminating formula
J(∂Γ, ∂Ω) =
2(
d−1
2
)
!
[(
d
2
)
!
] d−1
d N(∂Ω) , (4)
where N(∂Ω) := ρ
d−1
d |∂Ω| is the mean number of parti-
cles located on the boundary surface of Ω.
(iii) Formula (1) has been conjectured by an informal
application [20, 24] of the Widom formula (10) below, to
the non-smooth function f = hα. Here, hα : R→ [0, ln 2]
is defined for α > 0, α 6= 1 by
hα(t) :=
1
1− α
ln
[
tα + (1− t)α
]
, (5)
if t ∈ [0, 1] and by hα(t) := 0 if t /∈ [0, 1]. For α = 1
we set h1(t) := limα→1 hα(t) which equals −t ln t − (1 −
t) ln (1− t) if t ∈ ]0, 1[ and is defined to be 0 if t /∈ ]0, 1[.
Formula (1) with α = 1 has appeared meanwhile in many
publications [21–27] and with general α > 0 (and d ≥ 2)
besides in [24] also in [28, 30].
(iv) Remarkably, the prefactor in (1) with general α > 0
was found earlier by explicit calculations [17] for non-
interacting fermions on the one-dimensional lattice Z
(with the kinetic-energy operator given by the finite-
difference Laplacian and with Ω ⊂ Z being a single finite
block of successive sites).
Proof of the theorem. The proof is based on the
Widom formula (10), given in the lemma below, and on
recent results [32, 36] by one of us (A. V. S.). For d = 1,
the proof of the lemma is due to [37]. For d ≥ 2 it is
contained in [32, 38] where the general Widom conjec-
ture [39] is proved [40]. A result of [36] is then used to
3deal with the non-smoothness of the function hα. By this
we eventually justify the informal application of (10) to
f = hα. This is by no means obvious and does not fol-
low from standard approximation arguments. Moreover,
a function f being even less smooth than hα may lead
to a scaling behavior considerably different from the one
given in (10).
Before we show how to deduce formula (1) from the
lemma below, we recall that the ground state of the free
Fermi gas in Rd is the gauge-invariant quasi-free state
which is characterized by a one-particle density operator
given by the Fermi projection
Θ
(
εF 1 − ε(P )
)
= χΓ
(
P ) (6)
acting on L2(Rd). Here, 1 denotes the identity operator,
Θ : R→ {0, 1} denotes Heaviside’s right-continuous unit-
step function defined by Θ(t) := 0 if t < 0 and Θ(t) := 1
if t ≥ 0, and χΓ denotes the indicator function of the
Fermi sea Γ. The “localized” Fermi projection
D(Γ,Ω) := χΩ(Q)χΓ(P )χΩ(Q) (7)
then simply characterizes the ground state after spatial
reduction to the bounded region Ω in position space, con-
fer [20, 24]. Here Q is the usual position (in other words,
basic multiplication) operator on L2(Rd).
The local Re´nyi entropies, that is, the Re´nyi entropies
of the spatially reduced ground state may now be defined,
confer [20, 24], in terms of the functions (5) as follows
Sα(Γ,Ω) := Trhα
(
D(Γ,Ω)
)
, (8)
where “Tr” refers to the usual trace of operators on
L2(Rd). The following chain of (in)equalities
0 = Sα(Γ,R
d) < Sα(Γ,R
d \ Ω) = Sα(Γ,Ω) <∞ (9)
holds for all bounded Ω ⊂ Rd of positive volume, |Ω| > 0.
The first equality is due to the purity of the ground state,
reflected by
(
D(Γ,Rd)
)2
= D(Γ,Rd) = χΓ(P ). The first
inequality is due to the fact that this ground state is not
a product state, so that reduction leads to a loss of infor-
mation, a manifestation of quantum entanglement. The
second equality means that the entropy related to Ω is
the same as the entropy related to its (unbounded) com-
plement in Rd. This follows from two identities. The first
one is the operator identity hα
(
χΓ(P )χRd\Ω(Q)χΓ(P )
)
=
hα
(
χΓ(P )χΩ(Q)χΓ(P )
)
, and the second one is the trace
identity Tr hα(EFE) = Tr hα(FEF ) for any two pro-
jections E and F on L2(Rd). The second inequality in
(9) follows from estimating hα(t) and the eigenvalues of
D(Γ,Ω) from above as done for α = 1 in [20]. Without
the second inequality the question about the asymptotic
behavior of Sα(Γ, LΩ) would not make sense. According
to (9) the mutual information Sα(Γ,Ω)+Sα(Γ,R
d \Ω)−
Sα(Γ,R
d) equals 2Sα(Γ,Ω). Therefore it is justified to
identify the local entropy (8) with an EE for any α > 0.
Next, we want to apply the following lemma due to
[37–39] and due to [32] for the extension from smooth
to piece-wise smooth boundary surfaces ∂Γ and ∂Ω (if
d ≥ 2).
Lemma (Widom formula, a special case). Let Γ and Ω be
bounded subsets of Rd with the properties described in the
preparations (a) and (b) for the theorem. For each L ≥ 1,
let TL := D(LΓ,Ω) be viewed as a self-adjoint (pseudo-
differential) operator on L2(Rd). Finally, let f : R → R
be an infinitely differentiable function (f ∈ C∞(R) for
short) with the property f(0) = 0. Then the following
asymptotic formula holds:
Tr f
(
TL
)
= f(1)(2pi~)−d|Γ||Ω|Ld
+ I(f)J(∂Γ, ∂Ω)Ld−1 lnL+ o(Ld−1 lnL) , (10)
as L → ∞. Here, the linear functional f 7→ I(f) is
defined by the integral
I(f) :=
1
4pi2
∫ 1
0
dt
f(t)− tf(1)
t(1− t)
. (11)
For the applicability of the lemma to the present sit-
uation we first note that Trf
(
D(Γ, LΩ)
)
= Trf
(
TL
)
.
This follows from the fact that the trace is invariant
under the (unitary) dilatation UL on L
2(Rd) defined by(
ULψ
)
(q) := Ld/2ψ(Lq) for all ψ ∈ L2(Rd).
Given the lemma, for the proof of (1) it remains to
show how to extend (10) to f = hα, because hα /∈
C∞(R). More generally, we will show that (10) can be
extended to any function g : R → R with the following
two properties:
(i) g ∈ C∞(R \ {0, 1}), that is, g is C∞-smooth on the
doubly pricked real line, R \ {0, 1}.
(ii) There exist two constants C ∈ ]0,∞[ and β ∈ ]0,∞[
such that |g(t)| ≤ C tβ(1 − t)β for all t ∈ [0, 1]
(which, in particular, implies g(0) = g(1) = 0).
To this end, we are going to mollify g and to control the
resulting error. We pick a function w ∈ C∞(R) with
w(R) ⊆ [0, 1], w(t) = 0 if |t| > 2, and w(t) = 1 if |t| ≤ 1.
Moreover, for each δ > 0 we define a function vδ ∈ C
∞(R)
by setting vδ(t) := w
(
δ−1t(1 − t)
)
. Since g(1 − vδ) ∈
C∞(R) and g(0)(1− vδ(0)) = 0, the asymptotic formula
(10) holds for f = g(1 − vδ). Observing that this f also
fulfills f(1) = 0, the leading Ld-term in (10), the so-called
Weyl term, is seen to vanish and we get
Tr
[
g(TL)
(
1 − vδ(TL)
)]
(12)
= I
(
g(1− vδ)
)
J(∂Γ, ∂Ω)Ld−1 lnL+ o(Ld−1 lnL) .
Now it remains to show how vδ can be removed from
(12) in the limit δ ↓ 0. To this end, we want to show that
Tr
[
g(TL)vδ(TL)
]
= oδ(1)L
d−1 lnL (13)
4for all L ≥ 2 with oδ(1) vanishing as δ ↓ 0. By the second
property of g we have |g(t)vδ(t)| ≤ Ct
β(1−t)βvδ(t). Since
tν(1− t)νvδ(t) ≤ (2δ)
ν for any ν > 0, we may choose γ ∈
]0, β[ with γ ≤ 1, so that |g(t)vδ(t)| ≤ C(2δ)
β−γtγ(1−t)γ.
By that we get
∣∣Tr [g(TL)vδ(TL)]∣∣ ≤ C(2δ)β−γTr [TL(1 − TL)]γ . (14)
In [36, Corollary 4.7], the last trace is estimated, by using
Schatten–von-Neumann (quasi-)norms [41, 42], in such a
way that
Tr
[
TL(1 − TL)
]γ
≤ Cγ L
d−1 lnL (15)
for all L ≥ 2 with some constant Cγ ∈ ]0,∞[. By com-
bining (14) and (15) we get
∣∣Tr [g(TL)vδ(TL)]∣∣ ≤ CγC(2δ)β−γ Ld−1 lnL .
Since β − γ > 0, the asymptotic behavior (13) follows.
At the same time we have
4pi2
∣∣I(gvδ)∣∣ ≤
∫ 1
0
dt
|g(t)vδ(t)|
t(1− t)
(16)
≤ C(2δ)β−γ
∫ 1
0
dt [t(1− t)]γ−1 → 0
as δ ↓ 0. By combining (12), (13), and (16) we obtain
(10) with f replaced by g and using g(1) = 0.
Now we return to the function hα. If α 6= 1, then we
choose β = α, and if α = 1 we may choose any β ∈ ]0, 1[.
With these choices hα satisfies |hα(t)| ≤ C t
β(1− t)β for
all t ∈ [0, 1] and we arrive at the asymptotic formula (1)
by observing I(hα) = (1 + α)/(24α). For the derivation
of the last equality see the Appendix.
Concluding remarks. We have rigorously derived an
explicit formula for the precise asymptotic growth of all
Re´nyi (entanglement) entropies of the mixed quantum
state, which is obtained from the (pure) ground state of a
translation-invariant system of non-interacting fermions
in an infinitely extended multi-dimensional continuous
position space by reducing, or “restricting”, the ground
state and, hence, the system to a bounded, but linearly
growing, subregion of that space. This subregion may
be rather general except that its boundary surface, in
two or more dimensions, should be piece-wise sufficiently
smooth. A similar assumption is needed for the Fermi
surface, that is, the boundary of the bounded subre-
gion in momentum space which characterizes the ground
state. Our proof of the formula uses a certain trace es-
timate to extend the recently proved Widom conjecture
in asymptotic analysis from smooth functions to a cer-
tain class of non-smooth functions. For Re´nyi entropies
of orders α > 1 the required extension is slightly easier
to accomplish without the mentioned trace estimate. In
any case, such trace estimates will certainly turn out to
be useful also for other interesting (spectral) problems
in quantum physics and in classical signal theory, where
non-smooth functions of integral or pseudo-differential
operators naturally show up.
We think that the asymptotic formula (1), conjectured
by Gioev and Klich (for α = 1) and now proved by us,
constitutes a rigorous result suitable to serve as a sound
standard of comparison for approximate arguments and
numerical approaches, when trying to compute entangle-
ment entropies of more complicated many-fermion states.
Such states are, for example, the ground states arising
from an interaction between the fermions and/or with
an external magnetic field.
APPENDIX: Derivation of I(hα) = (1 + α)/(24α)
For α 6= 1 we write (1 − α)hα(t) = α ln t +
ln
[
1 + ((1 − t)/t)α
]
. Then, using the change of variables
s := (1− t)/t, we get
I(hα) =
1
4pi2(1 − α)
lim
x→∞
Iα(x) ,
where the function Iα : [0,∞[→ R is defined by
Iα(x) :=
∫ x
0
ds
s
[
− α ln (1 + s) + ln (1 + sα)
]
.
For this function we have
Iα(x) = −α
∫ x
0
ds
s
ln (1 + s) + 1α
∫ xα
0
dr
r
ln (1 + r)
= αLi(1 + x)− 1α Li(1 + x
α)
= α
[
Li(1 + x) + 1
2
(
ln (1 + x)
)2]
− 1α
[
Li(1 + xα) + 1
2
(
ln (1 + xα)
)2]
− α
2
(
ln (1 + x)
)2
+ 1
2α
(
ln (1 + xα)
)2
,
where Li denotes Euler’s di-logarithm. Now we observe
that the last sum tends to zero as x tends to infinity and
that
lim
y→∞
[
Li(y) + 1
2
(ln y)2
]
= −
pi2
6
.
Hence,
I(hα) =
1
4pi2(1 − α)
( 1
α
− α
)pi2
6
=
1 + α
24α
.
This equality remains valid in the limit α → 1. In fact,
I(h1) can be calculated directly (and more easily) by us-
ing the Mercator–Taylor series of the natural logarithm.
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